We use Padé approximants to systematically approximate scalar unparticle propagators and their associated phase factors by a finite number of ordinary particles. This is possible for conformal dimensions 1 ≤ d < 2, and also for d ≥ 2 if we add local terms. A small number of particles can, in some cases, mimic unparticle signals. We discuss how the approximants capture basic unparticle properties.
We concentrate on two-point functions, for simplicity, even though the CFT interactions can be very relevant for collider phenomenology [5, 6] . Moreover, we study scalar operators only. We consider first exactly conformal unparticles 1 and then discuss the case of unparticles with a mass gap. We use a mostly minus Minkowski metric. Because the functions we want to approximate have a branch cut for timelike Minkowskian momentum, we choose the Padé point (at which the approximation is best) at an arbitary Euclidean momentum, that we identify with the UV renormalization scale.
Let us start reviewing some simple facts that will be important below. Primary scalar operators have a conformal dimension d ≥ 1, with d = 1 in a free theory. Their two-point function in position space is
This is a bona fide distribution for d < 2. When d ≥ 2, however, it is too singular at x = 0. The divergent local terms can be substracted to give a finite renormalized Fourier transform,
We have defined ν = d − 2 and t = p 2 /µ 2 , with µ the renormalization scale. For ν ≥ 0, P ν is a polynomial of degree [ν] (where [ν] is the greatest integer not larger than ν) while for negative ν, P ν (t) = 0. The relevance of the local terms P ν (t) has been emphasized and discussed in [9] (see also [10, 11] for their AdS/CFT dual interpretation). In the following, we assume a particular substraction scheme and fix P ν such that the first [ν] + 1 coefficients in the Taylor series of ∆ d (t) about t = −1 vanish. We also normalize to A d = 1.
The renormalized two-point function ∆ d (t) is the unparticle propagator. For the discussion below, let us also distinguish its non-local part∆ d = ∆ d − P ν . When 1 < d < 2, the propagator can be written in a Kählen-Leman spectral representation
with a spectral density
Note that σ d (m) gives also the phase factor for unparticle production [1] . For d ≥ 2 the integral diverges, but we can use instead a substracted dispersion relation:
Changing variables to u = (m + 1)
where
and we have introduced the variable s = t + 1. By definition, this means that
is a Stieltjes function of s with measure W (u)du. Our plan is to study the Padé approximants of these unparticle propagators. Let us first review the definition of Padé approximants to establish our notation. Given a function f (s) analytic at s = 0, we define its Padé approximant as the ratio of two polynomials R J N (s) and S J N of degrees N + J and N, respectively, such that its Taylor expansion at s = 0 matches the one of f (s) up to terms of order s 2N +J+1 :
We assume that S J N (0) = 0. We say that the Padé point is s = 0. The Padé approximants of Stieltjes functions can be written in terms of orthogonal polynomials (see [12] for a concise derivation and definitions):
Here, π N and ρ N are, respectively, orthogonal polynomials and (order 1) associated orthogonal polynomials over the interval [0,1] with weight W (u). The associated polynomials ρ N have degree N − 1. This can be generalized to J > −1, and for our conformal propagators we find [12] 
where P (α,β) N are Jacobi polynomials andP
, their associated counterparts. In general one should add to this formula a polynomial in s, but it vanishes in our case thanks to the renormalization scheme we have chosen. It is important that we are using J = [ν] to ensure the correct UV behaviour. Alternatively, we can write
In this form the rational structure is far from obvious, but it has the advantage of using only functions that are implemented in Mathematica.
The connection with orthogonal polynomials gives rise to nice properties of the Padé approximants of unparticle propagators [13] :
1. All the poles t i are simple, real and positive.
2. The residues are positive as well.
3. When N → ∞ the Padé approximant point-like converges to the exact propagator everywhere except along the positive real line. The rate of convergence is geometric for |t + 1| < 1.
The first two properties are precisely what we need for a particle interpretation of the Padé approximants. Indeed, for 1 < d < 2, P d can be written as a sum of ordinary one-particle propagators with positive masses and residues. When d ≥ 2, on the other hand, we need to use higher degrees in the numerators and P d is equal to a sum of one-particle propagators plus local terms. These local terms can always be put to zero by a change of renormalization scheme, which depends not only on the dimension but also on the particular Padé approximant. At any rate, the local terms do not contribute to the spectral density. The third property ensures a fast convergence in the Euclidean region, but not for timelike Minkowskian momentum. In fact, the spectral function of the Padé approximants is a sum of delta functions. Nevertheless, the approximation can be good also for amplitudes in the Minkowskian region, if we take two effects into account. First, in practice the energy resolution of the detectors is finite. Thus, we should convolute the cross sections (and hence the spectral density σ d ) with a function ρ Γ , representing the detector response with a resolution ∆t ∼ Γ:
Let us stick to 1 < d < 2 and take
This is a representation of the delta function, so σ d,Γ → σ d when Γ → 0. We want however to keep Γ > 0 finite. Using
and analytically continuing eq. (3), we find
Therefore, a finite resolution in t for unparticle (or particle) production can be implemented by evaluating the propagator at a complex value. These are good news for us, for the Padé approximants converge uniformly if t is kept off the positive real line. This sort of argument is standard in discussions of quark-hadron duality, and can be generalized to larger values of d. Note that a finite imaginary part in the argument of the propagator also smooths down the behaviour of its real part. However, in the virtual interference experiments the energy uncertainty is that of the beams, and thus smaller. The second effect is that the coupling of the CFT to the SM gives corrections to the exactly conformal propagator. In particular, it generates an extra imaginary part, directly related to unparticle decay into SM particles [14] . In our description, this means that we should add a finite width to our Padé particles. This applies also for virtual exchange of unparticles. Fortunately, this effect is again taken into account if we evaluate the propagator at a momentum with a finite positive imaginary part Γ.
To get a feeling of the goodness of the approximation, it is best to study explicit examples. In Fig. 1 we plot the exact unparticle propagator with d = 4/3 and the Padé approximants P 4/3 with N = 3, N = 7 and N = 15, in terms of t and with a fixed "width" Γ = 0.1. The values of the squared masses (in units of µ 2 ) and residues of the seven particles for N = 7 are the following: 
The fact that the number of masses above and below µ differ at most by 1 is general. We see in the plots that the approximation is very accurate in the Euclidean region, even for a number of particles as small as N = 3. This would hold also for vanishing Γ. For Minkowskian timelike momentum, the Padé propagator oscillates around the exact value. The accuracy in this region is better for small values of t/Γ. As expected, larger values of t/Γ are well approximated when N increases. On the other hand, the convergence is slower for larger values of d. The behaviour of the propagator translates directly into physical observables. As an instance, let us follow Ref. [1] and consider the top decaying into an up quark and an unparticle via a derivative coupling
The normalized energy distribution of the outgoing up quark is displayed in Fig. 2 for unparticle stuff and for our particle approximation. This time, rather than going to complex energies, we have performed directly a gaussian average of the distribution to take into account the finite resolution of the detectors. The conformal dimension of the operator in the left and right plots are, respectively, d = 4/3 and d = 9/8. We see that the approximation is worse when the dimension increases. Observe that in this process, and for not too big dimensions, the approximation is much more accurate at the peak than in the tail on the left. Thus, in the presence of backgrounds it can be very difficult to distinguish the production of unparticles from the production of the Padé particles, even for quite small N.
We proceed to study how the Padé approximants behave when d approaches integer values. Consider first the limit d → 1. Taking N=6, P 1.01 (t) has a very light particle with mass m 2 /µ 2 = 0.00028 and residue 0.968, whereas the other five particles have residues smaller than 0.027. So, we see explicitly how one particle in the Padé smoothly becomes massless with residue 1 in the Padé, while the other ones decouple. If we cross the unitarity limit, d = 1, the original function is not Stieltjes any more, due to its IR behaviour. It can be seen explicitly that the light particle becomes tachyonic and the other ones get negative residues, small in absolute value if we stay near d = 1. So, the Padé approximants also reflect the pathologies of the original theory, and make explicit the ghosts below the unitarity bound. Moreover, it is interesting to see that this loss of unitarity comes about smoothly as we cross the limit d = 1, and that it is small right below this limit.
Next, let us study what happens when we go from UV finite unparticles with 1 < d < 2 to UV divergent unparticles with 2 ≤ d < 3. Consider the [9/10] approximant P 1.99 . It has nine particles with masses below 5.13µ, and one with m 2 /µ 2 = 9950 and residue 944146. For energies of order µ, this particle just provides a constant term equal to 94.9. Let us compare this with the [9/10] approximant to the unsubstracted propagator∆ 2.01 (which is not Stieltjes). This has nine particles with masses and residues very similar to the previous ones. On the other hand, the heavy particle is tachyonic now, with m 2 /µ 2 = −10051 and residue 1059380. Hence, there is an instability, but if we are not far from d = 2, it is located at large (spacelike) momenta. For small momentum, the tachyon behaves as a local constant term equal to -105.403. That the local term is that different from the previous one comes to no surprise, for the original unsubstracted propagator is also discontinuous as we cross d = 2. In fact, it would be more appropriate to compare the substracted propagator with
. These propagators are analytic continuations of each other. Of course, as we have seen in general before, the correct approach is to build the [10/10] approximant to ∆ 2.01 . This introduces an explicit constant term, 6.092, and rearranges all the masses and residues to approximate the original function with non-tachyonic particles (with masses below 8.72µ). Moreover, if we compare it with the [10/10] approximant to∆ d with d < 2, we do find a continuous evolution.
Summarizing, as we approach the limit in d for a UV finite unparticle propagator, one particle of the [N − 1 / N] Padé approximant goes to infinity (without decoupling). After crossing this limit, it comes back from minus infinity to become a tachyon. This instability comes from the bad ultra-high-energy behaviour of the propagator (remember that we have performed the substraction at a finite renormalization point), and can be avoided introducing a constant term. This is done automatically by the [N/N] Padé. The same mechanism takes place every time an integer dimension d ≥ 3 is crossed, when the correct Padé [N + [ν] / N] is employed. On the other hand, if we insisted in using the [N − 1 / N] Padé for d ≥ 3, complex masses and residues would appear 3 . The reality properties of the Padé approximants of Stieltjes functions do not hold any longer if we choose a complex Padé point (instead of the real point t = −1). Even if the particle interpretation is lost in this case, it is interesting to observe that the approximation greatly improves in the physical region. We give an example of this in Fig. 3 . Notice that we are using a "width" smaller than before. It is remarkable that just three unphysical particles are sufficient to give an almost perfect approximation to the unpartical propagator at any momentum. Everything so far can be generalized to unparticles with a mass gap. These arise when conformal invariance is broken in a very soft way that introduces a mass gap but preserves a continuum above it. For simplicity, we consider the particular propagator introduced in [7] :
with η = M 2 /µ 2 and M the mass gap. The spectral density is
It is clear that all the previous results still hold in this case if we choose the Padé point t = η − 1. It follows that the approximations will be extremely accurate below the threshold for unparticle production. It is also possible in the presence of a mass gap to choose the Padé point t = 0. As pointed out in [16] , these Padé approximants can be obtained in priciple from a chiral expansion of the theory. As an example, we plot in Fig. 4 the unparticle propagator and its [6/7] Padé approximant, at point t = 0, for d = 4/3 and η = 1/3. We choose Γ = 0.1.
Before concluding, we point out that an alternative (exact) description of unparticles in terms of just one particle exists for 1 ≤ d < 2: a particle propagating in AdS space [11] . This follows from the AdS/CFT correspondence in the special case in which two alternative quantizations of the AdS free field exist [17] . Unparticles with mass gap can be described by special (asymptotically AdS) geometries [11, 18, 19] . Similarly, the Padé approximants in this paper can be given a higher-dimensional interpretation. Indeed, A. Falkowski and the author have shown in [12] that, for Stieltjes functions, the Padé numerators and denominators obey a second order difference equation. When N → ∞, it becomes a field equation of motion in AdS 4 . If we keep N finite, the Padé approximants are dual to particular deconstruction and mass gap η = 1/3, and the corresponding Padé approximants P 4/3 with N = 3 (green, short dashes), N = 7 (purple, medium dashes) and N = 15 (blue, long dashes). The Padé point is t = 0, and the "width" is fixed to Γ = 0.1.
setups, described in [12] . Therefore, from the holographic point of view, our approximation with a finite number of particles (KK modes) corresponds to both a discretization and a compactification of AdS space [21] , in contrast to the compactification proposed in [3] . To summarize, we have shown that unparticle stuff with 1 ≤ d < 2 can be well approximated by a relatively small number of ordinary particles, with specific couplings and masses. This can be achieved by means of Padé approximants. When d ≥ 2, local terms are necessary in addition to the particle propagators. We conclude that a finite number of particles can give rise to the same production and interference signals as unparticles, once the limitations of experiments and the decay back into SM particles are taken into account. We should remark, nevertheless, that these particles have a very particular pattern of masses and couplings, with no raison d'être outside the unparticle framework. It would be interesting to apply these ideas to specific processes including the SM backgrounds.
